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Abstract : 

Let X be a real algebraic convex 3-manifold whose real part is equipped with a Pin~ 
structure. We show that every irreducible real rational curve with non-empty real part has 
a canonical spinor state belonging to {±1}. The main result is then that the algebraic 
count of the number of real irreducible rational curves in a given numerical equivalence class 
passing through the appropriate number of points does not depend on the choice of the real 
configuration of points, provided that these curves are counted with respect to their spinor 
states. These invariants provide lower bounds for the total number of such real rational curves 
independantly of the choice of the real configuration of points. 

Introduction 

A smooth complex algebraic projective manifold X is said to be convex when the vanishing 
H^{CP^;u*TX) = occurs for every morphism u : CP^ — > X. Main examples are homo- 
geneous spaces. These manifolds provide a suitable framework in order to define genus 
algebraic Gromov-Witten invariants since the space of morphisms from CP^ to X in a given 
homology class d G H2{X;'L) turns out to be a smooth manifold of the expected dimension 
ci{X)d + 2> (see |Hj, j2|)- In particular, these Gromov-Witten invariants are enumerative. Let 
A be a convex manifold of dimension 3 and d € i?2(A; Z) be such that ci{X)d is even. Let 
kd be half of this even integer. Then, through a generic configuration x = (xi, . . . of 
kd distinct points of X passes only finitely many connected rational curves in the homology 
class d. These curves are all irreducible and immersed and their number Nd does not depend 
on the choice of x. It is a Gromov-Witten invariant of the manifold A, often denoted by 
GW{X, d,pt, . . . ,pt). From now on, assume that A is real, that is equipped with an antiholo- 
morphic involution cx- The fixed point set of cx is denoted by MA and called the real part 
of A. Assume also that {cx)*d = —d and that the configuration x is real, that is satisfies 
{cxixi), . . . , cx{xk^)} = {xi, . . . , Xk^}- Then, the analogous result is no more true, the num- 
ber Rd{x) of irreducible rational curves in the homology class d passing through x that are 
real depends in general on the choice of x. The parity of this integer is however invariant, it 
is the one of Nd- The main purpose of this paper is to refine this mod(2) invariant into an 
integer valued one, see Theorem 12.21 
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Fix a Pin^ structure p on MX (see ^2.1|) and assume that x PI MX 7^ 0. As soon as 
the choice of x is generic enough, this imphes that for every curve A € TZdix), where TZd{x) 
denotes the set of real irreducible rational curves in the homology class d passing through 
x, the real part MA is nonempty. Also, as soon as x is generic enough, the normal bundle 
Na of ^4 in X is real and balanced, that is the direct sum of two isomorphic holomorphic line 
bundles. Choosing a real subline bundle of Na of maximal degree kii — 1, we can equip the 
knot MA C MX with a canonical ribbon structure, see ^2. 21 for the detailed construction. This 
structure does depend on the way the complex curve A is immersed in the complex manifold 
X and it is inherited from this complex immersion. Associating a framing to this ribbon knot, 
we construct a loop in the 03(M)-principal bundle Rx of orthonormal frames of MX. The 
spinor state sp{A) G {±1} of A is then defined to be the obstruction to lift this loop into a loop 
of the Ping -principal bundle Px given by the pin structure p. Denote by (MX)i, . . . , (MX)„ 
the connected components of MX and, for i G {1, . . . , n}, by r, = ^^(x D (MX)j). Then define 

where r = (ri, . . . , r„). 

Theorem 0.1 1) As soon as ci{X)d 7^ 4, the integer Xr''^ {-n) independant of the choice 
of the real configuration x G X^'*, it only depends on d,p and the n-tuple r. The same holds 
when ci{X)d = 4 and X does not have any non-immersed rational curve in the class d. 

2)The similar construction and result hold for the blown up projective space Y = CP^^CP 
when the homology class d satisfies Exc.d > 0, where Exc is the exceptional divisor ofY. 

Note that the blown up projective space is not convex, see for the second part of this 
theorem 10.11 See also Theorem 12 . 21 for a slightly more general statement in the case ci{X)d = 
4. 

This integer Xr'^fe) is denoted by Xr'*' and we put Xr'*^ = as soon as it is not well defined. 
This allows to define the polynomial x'^''^{T) = Ylr&H" Xr^'^'T'^ G '^[T], where = T^^ . . . T^". 
This polynomial is of the same parity as the integer kd and each of its monomials actually only 
depends on one indeterminate. Theorem 10.11 means that the function '■ d G H2{X;'Z) 1— > 
X'^'^{T) G 7j[T] is an invariant associated to the isomorphism class of the real algebraic convex 
manifold {X,cx)- As an application, this invariant provides the following lower bounds in 
real enumerative geometry. 

Corollary 0.2 Under the assumptions of Theorem \U.lV we have 

\X''A < Rd{x) < Nd, 

independantly of the choice of xG X^''- . 

Note that a similar invariant and similar lower bounds have already been obtained in ^1] , 
|15j using real rational curves in real symplectic 4- manifolds. The question was then raised 
whether there exists such invariants in higher dimensions. The results presented here thus 
provide a partial answer to this question. 

Let us fix now (X, cx) = (CP^ , conj) and a spin structure s on MP^. Note that for ori- 
entable components of MX, a spin structure is more convenient for us than a Pin~ structure, 
see Remark 12. 41 The n-tuple r is then reduced to a single even integer between 2 and 2d = k^. 
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Denote hy Y = CP^^CP the blown up of X at a real point xq. Denote by / the homology 
class of a Hne in the exceptional divisor Exc of Y and by / the class of the strict transform 
of a line in CP^ passing through xq. Set dy = d{f + I) — 21 and choose a spin structure 5 
on MP . It induces a spin structure s ^5 on WY = MP'^^^MP , see From the second 

part of Theorem Ifl.H the integer Xr^ is well defined for r even between 2 and — 2 and 
it is an invariant associated to Y together with its real structure. The following theorem 
provides relations between the coefficients of the polynomial x'^'^{T) for the projective space, 
see Theorem 14.41 

Theorem 0.3 Let r be an even integer between 2 and — 2, then 

This paper is divided in four paragraphs. In the first one, we introduce Kontsevich's 
space of stable maps and its real structures, as well as preliminaries on the evaluation map 
and Gromov-Witten invariants. In the second one, we introduce the definition of spinor states 
and state the main results of this paper. In the third one, we give a proof of these results. 
Finally, the last paragraph is devoted to a further study of the polynomial x'^'^i'^) for the 
projective space, proving Theorem 10.31 
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1 Evaluation map and Gromov-Witten invariants 

Let (X, cx) be a real algebraic convex 3-manifold and d € H2{X] Z) be such that {cx)*d = —d. 

1.1 Moduli space of genus real stable maps with k marked points 

Let Mord{X) be the set of morphisms u from CP^ to X in the class d, that is satisfying 
ii^=[CP^] = d. It is a smooth quasi-projective manifold of pure dimension ci{X)d + 3. Let 
k € W and Diagk = {{zi,. ..,Zk) G (CP^)'^ \ 3i ^ j , Zi = Zj}. The manifold Mord{X) x 
{(CP^)^ \ Diagk) is equipped with an action of the Moebius group defined by : 



Moeh X Mord{X) x {{CP^f \ Diagk) ^ Moeb x Mord{X) x {{CP'^f \ Diagk) 



It is also equipped with an action of the symmetric group defined by {a, {u, zi, . . . , z^)) ^ 
(ti, 2:^(1), ... for {a,{u,zi,...,Zk)) G 5fc x Mord{X) x {{CP^)'' \ Diagk). Denote by 

M'^ ki^) the quotient of Mord{X) x {{CP^)'' \ Diagk) by Aut{CP^). This moduh space is a 
quasi-projective manifold of pure dimension ci{X)d+k and a complex orbifold. It is equipped 
with an action of Sk and with an antiholomorphic involution c_v! induced by the action of 
Moeb/Aut{CP^) = Z/2Z. Denote by M'^ ^i^)* the complement of the set of maps u which 
can be written u' o g where u' : CP^ X and g : CP^ CP^ is a non-trivial ramified 
covering. It is included in the smooth locus of M^ki^)- Denote by Uqi^{X) A4q^(X)* 
the universal curve, which is obtained as the quotient of Mor^iX) x {{CP^)^ \ Diag^) x CP^ 
by the action of Aut{CP^) and then restricted over 

Mfiki^T- This universal curve is also 
equipped with an antiholomorphic involution cu and with an action of Sk which lift cm and 
the action of Sk on A4q i^{X)* respectively. Finally, denote by A4q ^(X) the moduli space of 
genus stable maps with k marked points in the homology class d. This is the compactification 
due to M. Kontsevich of the space 

M^ki^)^ see 0, |2j. Denote by M^ki^)* the space of 
stable maps (n, C, zi, . . . , Zk) for which u restricted to any irreducible component of C does 
not admit a factorization of the form u' o g where u' : CP^ — > X and g : CP^ —>■ CP^ is 
a non-trivial ramified covering. Note that this in particular avoids maps {u,C, zi, . . . , Zk) 
mapping a component of C to a constant, which does not matter for us since these maps will 
play no role in this paper. We recall the following theorem. 

Theorem 1.1 1) The manifold A4q k{X) is projective normal of pure dimension ci{X)d+ 

k. It is a complex orbifold containing A4q k{X)* in its smooth locus, which is equipped with an 

evaluation morphism evf ■ ^AQ k{X) — > X^ . Finally, the complement 7Wg^(X)* \ A1q^(X)* 
is a divisor with normal crossings. 



2)The curve Uq,^{X) AIJ^^(X)* extends to a universal curve JjQ^ki^) ^ ■^o,k{^)* ■ 
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3)The real structures cm o.'^d cy extend to real structures cj^ and c^ on A4q^(X) and 
Uq f^{X) respectively. The same holds for the actions of on these spaces. □ 

This theorem is proved in 0, Theorems 2 and 3. The third part of this theorem follows 
from the fact that the construction presented in |2 can be carried out over the reals, see 
Pj. Note that the evaluation morphism restricted to Alg^,(X) is just the map induced by 
£Mord{X) X {{CP^f\Diagk) ^ (n(zi), . . . , n(zfc)) G X^ 
For every element t ^ Sk, denote by the associated automorphism of A^g i^{X). This 
automorphism commutes with cj^. When = id, put ^ = ° Cj4 the associated real 
structure. Note that if r' = cr o r o cr^^, with T',a G Sk, then c^^, = ^a- ° c-Jat ° ^o-^- 
Thus, the isomorphism class of (Alg ^(X), ^) only depends on the conjugacy class of r 
in Sk- Similarly, the group Sk acts on X^ by permutation of the factors. Denote by Cid the 
real structure cx x • • • x cx on X^. The evaluation morphism ev'^ is obviously equivariant 
for the actions of Sk and Z/2Z. For every element t £ Sk such that = id, we set Cr to 
be the real structure ° Cid on X^ , where is the automorphism of X^ associated to r. 
Then, the isomorphism class of {X^,Cr) only depends on the conjugacy class of r in Sk and 
evf, : (A4o^fc(X), ^) {X^,Cr) is a real morphism between real algebraic varieties. 

1.2 Evaluation map and balanced curves 

1.2.1 Balanced rational curves 

Let {u,zi, . . . , Zk) G Aiord{X) x [{CP^)^ \ Diagk). The differential of u induces a morphism 
of sheaves — > 0£pi{TCP^) — 0£pi{u*TX). Denote by Mu the quotient sheaf. This quo- 
tient sheaf admits a decomposition O^pi^Nu) (BMu"^, where is the normal bundle of u 
and Nu^^ is the skyscraper sheaf having the critical points pi G CP^ of du as support, and 
C"* as fibers, where is the vanishing order of du at pi. The bundle is holomorphic of 
rank two over CP^. From a theorem of Grothendieck, it splits as the direct sum of two line 
bundles Oi^p\{a) 0£pi{h), see §2.1 of [TTl for example. This normal bundle is said to be 
balanced when a = b. The rational curve {u,zi, . . . , Zk) is said to be balanced when u is an 
immersion and A^^^ is balanced. Note that when u is an immersion, the adjunction formula 
imposes a + b = ci{X)d — 2. Thus a necessary condition for the curve to be balanced is that 
ci{X)d is even. 

Examples : 

1) The rational curve u : {tQ,ti) G CP^ ^ {t'^,tQ~^ti,totf~'^ ,tf) G CP^ is balanced as 
soon as d G N* is different from 2. 

2) If ^ C X^ is balanced and Y is the blown up of X"^ at a point xq G A, then the strict 
transform of A in y is balanced, see Lemma 14.51 

1.2.2 Dominance of the evaluation map 

From now on, we assume that ci{X)d is even and we set kd = ^ci{X)d. Note that this 
condition is automatically fulfilled when MX is orientable and d is realized by a real 2-cycle 
A, since then ci{X)[A] = wi{mX)[mA] = mod (2). 

Let {u,CP'^,zi,. . . ,Zkj^) G Mq,^^{X)* and set N^-z = <S) Ocpii-z), where z = 
{zi, . . .,Zk,) G (CPi)'^^. Then, set Mu,-z = Ocpi(iV«,-.) eAA^"^. 
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Lemma 1.2 Let {u, CP^, zi, . . . , z^^) G M.^ j.^{X)* , the following isomorphisms occur : 

ker(d|(„,cpi,.)eO = H\CP^-Nu,-z) = H\CP'; N^,-,) © H\CP^-Nt'), 
and cokeT{d\^^^cp\z)evtj = H\CP^;N^,-,). 
In particular, balanced curves are regular points of the evaluation map ev'^^. 

Proof : 

Denote by et;aZ^^ the map {u,zi, . . . , Zfc J G Mord{X)x{{CP'^)'''i\Diagk^) ^ {u{zi), . . . ,u{zkj) G 
X'''^. The differential of this map at the point {u,z) is given by {v,z) G H^{CP^;u*TX) x 
Tz{CP^)^<'- v{z) + d\zu{z) G Ty^(^z^X^d.. Denote by Afu\^ the skyscraper sheaf with support 
{zi, ZkJ and fiber T^(^^^)X/d\z,u{TCP^) over Zi. The cokernel of ze r^(CP^)'=<* i-^ dUu{z 
) £ Ty^iz)^'^'^ is isomorphic to H'^{CP^;J\fu\J. Thus, the cokernel of d\(^u,z)^'"o-lf^ is identified 
with the cokernel of the composition : 

H^{CP^;u*TX) H°{CP^;Afu) ^ H^{CP^;Afu\J (*) 

V I— > [v] I— > [^(-s^)]- 

Prom the exact sequence of sheaves — > TCP^ u*TX Mu — >■ we deduce that the first 
morphism of (*) is surjective since iJi(CP^ TCP^) = and that i?^(CP^ iV„) = since X is 
convex. From the short exact sequence of sheaves — > Nu-z ^u\z ~^ 0) we deduce 

the long exact sequence 

• • • ^ H\CP^-Nu) ^ H\CP^-N^\^) ^ H\CP^-Nu,-z) ^ H\CP^-Nu) ^ • . . 

Since H^{CP^;Mu) = Oj the cokernel of the second morphism of (*) is isomorphic to {CP^ ; Mu,-z) ■ 
Thus, the cokernel of ^^evaZ^^ and hence the cokernel of d|(u,cpi,z)6'"fc^ is isomorphic to 

H\CP^;Mu,-z). 

In the same way, the kernel of the map c?|(u,cpi,2)6^fc^ is isomorphic to the quotient of 
the kernel of the composition (*) with the image of the morphism du : H^{CP^;TCP^) 
H^{<CP^\u*TX). Indeed, the latter coincide with the infinitesimal action of Aut{<CP^) on 
Mord{X). Since the quotient of H^{CP^;u*TX) by du{H'^{CP^;TCP^)) is isomorphic to 
{{^{CP^lAfu), we deduce that the kernel of f^l^^ cpi^^-jc?;^^ is isomorphic to the kernel of the 
second morphism of (*), that is to H^{CP^;Mu,-z)- D 

Proposition 1.3 Let {u,C,z) G A4q f^^{X)* be such that C has two irreducible compo- 
nents Ci and C2 for which u{Ci), u{C2) CLi"e balanced and meet in a single ordinary double 
point away from u{z). Assume moreover that for i G {1,2}, #(Ci H z) = ^ci{X)di where 
di = u^[Ci] G H2{X;'Z). Then, {u,C,z) is a regular point of ev^^. 

Proof : 

For i G {1, 2}, set fc^. = ^ci{X)di, Ui = u\ci and = Q n z. Denote by /C = Mo^k^{X)* \ 
A^Qj,^(X)* the divisor of stable maps having reducible domain. Then {u,C,z) is a smooth 

point of IC. Indeed, for i G {1,2}, denote by Cj : A^oX u{»}(^) ~^ the evaluation map 
associated to the additional marked point •. Since u{Ci) is balanced, c?|(ui,Cj,2»u(CinC2))^« 
is surjective. Thus, ((ui,Ci,z^ U (Ci n C2)), (^2,(^2,-2^ U (Ci fl C2))) is a smooth point of 
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/C = (ei X e2)~^{Diagx), where Diagx C X x X is the diagonal. From Lemma 12{i) of [2], 
the map /C — s- /C is an isomorphism, hence (u, C, z) is a smooth point of /C. 

Now, the restriction of ef to K, in the neighborhood of (u, C, z) writes as the composition 
of the morphism of restriction iu, Ci UC2, z) G /C 1— ((ui, Ci, z^), (u2, C2, z"^)) G ^Ai\ (X) x 
TWf;-^ (X) and the morphism of evaluation evf^ x et;g : TWj;-,^ (X) x TWf^^ (X) ^ X'^d. 

Since m(Ci) and u{C2) meet in only one ordinary double point, the first morphism is injec- 
tive in a neighborhhod of {u,C,z). Since u{Ci) and u{C2) are balanced, from Lemma fl.21 
the second morphism is an isomorphism in the neighborhood of ((ui, Ci, z^), (n2, C2, -z^)). 
Hence, to prove proposition 11.31 it suffices to prove that evi is injective when restricted 
to a transversal of /C at the point {u,C,z). Since ef^^(/C) is smooth in a neighborhood of 
u{z), a transversal to this divisor can be chosen in one factor of X'''^, that is of the form 
7 : t G A I— 5- {xi{t), . . . , Xk^{t)) G Xfc^ where only one point Xi{t), say Xk^{t), indeed de- 
pends on t. Since such a path is transversal to ew^^, its inverse image is a smooth curve 

B in A^Q^^(X)* transversal to K. at the point {u,C,z). Denote hy U B the restriction 

of Uq i^^{X) — > AiQ )^^{X)* over B. This universal curve has one unique reducible fiber over 
{u, C, z) (choosing a smaller B if necessary) and tautological sections si, . . . , s^^ : B ^ U . 
The evaluation morphism evjj : [/ — > X contracts the curves Im{si), . . . , Im{sk^-i) and we 
have to prove that it is injective when restricted to Im{skj)- This follows from the following 
Lemma IlH □ 

Lemma 1.4 The differential of the evaluation morphism evjj : [/ — > X defined above is 
injective at every point of the central fiber C \ {zi, . . . , 

Proof : 

Without loss of generality, we can assume that z^ = {zi, . . . , z^^^ } and = {zk^^+i, • • • , Zf^^}. 
Since u\ci and u\c2 are immersions, the rank of devu is at least one at each point of C. Now, 
the normal bundle of Ci in U is isomorphic to Ocii—^)- The morphism devjj thus induces 
a morphism of sheaves Oci{—^) — > OciC-^ui) where ui = m|ci- Since this morphism 
vanishes at the points zi , . . . , z^^^ , its image is a subline bundle of N^-^ of degree at least 
kd-i — 1. From the isomorphism = Oci{kd^ — 1) C'ci(^di — 1), we deduce that this 
subline bundle has degree exactly k^^ — 1 . This implies that the morphism of sheaves vanishes 
nowhere else than at the points zi,. . . ,Zk^^ and thus devu is of rank two at each point of 
Ci \ z^. Similarly, the normal bundle of C2 in U is isomorphic to Oc2{~^)- The morphism 
devu thus induces a morphism of sheaves — > 0^2 ~^ C'c2(X„2), where U2 = u\c2-, 
which vanishes at the points z^^^+i, . . . The image of this morphism is thus a sub- 

line bundle L of of degree at least /c^j — 2. Denote by Li the unique subline bundle 
of — Oc2{kd2 — 1) © Oc2{kd2 ~ 1) which is of degree fc^j ~ 1 and contains the tangent 
line of n(Ci) at u{Ci) n u{C2)- Denote by Mi the quotient NU2/L1, it is a line bundle of 
degree kd2 — 1- The bundle Li corresponds to infinitesimal deformations of the curve u{C2) 
into a curve passing through u{zkj^+i), ■ ■ ■ ,u{zkj-i) and u{Ci). Since by construction B is 

transversal to the divisor K. of reducible curves of A^o ;,^(X)*, one has L ^ Li. However, 
L also contains the tangent line of u{Ci) at u{Ci) fl u{C2)- It follows that the morphism of 
sheaves (-^) ~^ £'02(^1) induced by the projection — > Mi vanishes at the point 

u{Ci) n it(C2). This implies that deg(L) < deg(Mi) — 1 = fc^j — 2. Hence, the line bundle L 
is of degree exactly fc^j — 2 and devu is of rank two at each point of C2 \ {z^^ +1, . . . , 
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The result follows. □ 

Proposition 1.5 Let {u,C,z) G Mq f.^{X)* be such that C has two irreducible compo- 
nents Ci and C2 for which u{Ci), u{C2) are immersed and meet in a single ordinary double 
point away from u{z). For i E {1,2}, denote by = Cj fl z, di = ti*[Cj] S H2{X]'L), 

= E{^ci{X)di) and /c^j = E{^ci{X)d2) + 1 where E{) denotes the integer part. Assume 
that iV„|^^ ^ Oc,{kd, - 1) e Oc,{kd,), iV„|^^ ^ Oc,{kd, - 2) Oc,{kd, - 1) and that the 
tangent line to u{Ci) (resp. to u{C2) ) at the point u{Ci) nu{C2) is not mapped to the unique 
subline bundle of degree kd2 — ^ (resp. kd^) of N^\^^ (resp. N^^^^). Then, {u,C,z) is a regular 
point of evf^ ■ 

Proof : 

As in the proof of proposition EHl the divisor /C = Ai^ i^jX)* \A4q j^^{X)* is smooth in a 
neighborhood of {u,C,z). Moreover, ev^^ restricted to /C is injective in the neighborhood of 
{u, C, z). Indeed, this restriction writes as the composition of the morphism (u, C1UC2, z) G 
/C 1-^ {{ui,Ci,z-^),{u2,C2,z'^)) G ■^'okd ^'^^ ^ -^o^d ^'^^ morphism of evaluation 

ev'll X ewg : TWj^^ (X) x TWj^^ {X) X^\ where m = u\c^ and U2 = u\c2. It follows 
from the hypothesis that the first morphism is injective. Also, from Lemma ll.21 the morphism 
(72,^2)61;^^ is injective and c^|(ui,Ci,2i)^'^fc^ is surjective. We deduce from the hypothesis 
that the composition of these morphisms, that is ef^^|A:, is injective. It suffices thus to prove 
that the restriction of eu^^ to a transversal of /C at the point (n, C, z) is injective. Without loss 
of generality, we can assume that z^ = {zi , . . . , Zj.^^ } and = {z^^^ +1 , . . . , }. Since evf^ (/C) 
is smooth in a neighborhood of u{z) and its projection on the first kd^ factors of X'^'' is onto, 
a transversal to this divisor can be chosen of the form 7 : f € A 1-^ . . . , € 

where only one point Xi{t), say Xk^{t), depends on t. The inverse image of this path is a 
smooth curve B in AiQ f.^{X)* transversal to /C at the point {u,C,z). Denote hy U B 

the restriction of Uq i^^{X) ^AQ^^^{X)* over B and by si, . . . , Sk^ : B U the tautological 
sections. The evaluation morphism evjj : U ^ X contracts the curves /m(si), . . . , Im{sk^-i) 
and we have to prove that it is injective once restricted to Im(sk^). But the normal bundle of 
Ci (resp. C2) in [/ is isomorphic to Oci{—^) (resp. (~1))- The morphism devu maps this 
line bundle onto a subline bundle of degree at least kd^ — 1 (resp. kd2 — 2) of N^-^ (resp. A^wa) 
since this morphism vanishes exactly at the points zi, . . . , zj.^^ (resp. z^^^+i, . . . , Zk^-i). Now 
this subline bundle contains the tangent line of m(C2) (resp. u{Ci)) at the point u{Ci)r\u{C2). 
Thus, it cannot be the unique subline bundle of degree fc^^ (resp. fc^j — 1) of Nu^ (resp. A'mj)- 
It follows that this subline bundle is of degree exactly A;^^ — 1 (resp. kd2 — 2) which implies 
that devu is injective at every point of C \ {zi, . . . , Zk^_i}. Hence the result. □ 

Remark 1.6 With the help of an expression of the cokernel of the evaluation map at reducible 
curves analogous to the one given in Lemma E21 it would be possible to reduce the proofs of 
Propositions 11.31 and 11.51 to some vanishing results, compare §1.2 of ||7j. 

1.3 Relation with the Gromov-Witten invariants 

Proposition 1.7 Let X be a convex manifold of dimension 3 and d € H2{X;Z) be an 
effective homology class such that ci{X)d is even. Denote by kd = ^ci{X)d. Then, the 
following are equivalents : 
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i) The morphism evf^ is dominant. 

ii) There exists an irreducible rational curve in the class d which is balanced. 
Hi) The genus Gromov-Witten invariant GW{X,d,pt, . . . ,pt) does not vanish. 

Proof : 

i) =^ ii) Let x G X'^'^ be a regular value of evf^ which does not belong to the image of 
/C = 'Mq ,,^{X)\Mq i^^{X)*. Then by hypothesis there exists {u, C, z) £ Mqj,^{X)* such that 
u{z) = X and cokei d\(^u,c,z)^vf^ = 0. From lemma E21 this means that H^{C, Nu^-z) = 0. 
Now Nu-z is isomorphic to Oc{a — k^) © Oc{b — k^) with a + 6 < 2kfi — 2. This condition 
thus implies that a = b = kd — 1, which means that u is immersed and balanced. 

ii) =^ i) Follows from lemma IT^ and the implicit function theorem. 

Hi) <^ i) Let X G X''" be a regular value of ew^ which does not belong to evf. (/C). Then, 
by definition, GW{X,d,pt, . . . ,pt) = #(ew^^)~^(x). Hence the equivalence. □ 

In particular, we deduce from Example 1 of HI. 2. li the following well known corollary. 

Corollary 1.8 If X = CP^ and d 7^ 2[CP^] G H2{X;Z) is effective, then the evaluation 
map ef^^ is dominant and the genus Gromov-Witten invariant GW{X,d,pt, . . . ,pt) does 
not vanish. □ 

For some computations of such Gromov-Witten invariants, see H] and references 

therein. 

2 Main results 

2.1 Choice of a Pin" structure p on WX 

Let {X, cx) be a real algebraic convex 3-manifold. Equip the real part MX with a riemannian 
metric g and denote by Rx the 03(M)-principal bundle of orthonormal frames of TMX. 
Remember that the double covering of 03(M) which is non-trivial over each of its connected 
components can be provided two different group structures turning the covering map into a 
morphism. The one for which the lift of a reflexion is of order 4 is denoted by Pin^ , see 
j^. The obstruction to lift the 03(M)-principal bundle Rx into a Pinj^-principal bundle is 
given by the expression vu2{RX) + wj(RX) G H'^(RX; Z/2Z)) where 'u;i(MX) (resp. ^2(1^^)) 
stands for the first (resp. second) Stiefel- Whitney class of MX, see for instance. Now from 
Wu relations (see |1U| . p. 132 for instance), the obstruction W2{M)+Wi{M) vanishes for every 
compact 3-manifold M. From now on, we will thus fix such a Pin'^ structure p on MX and 
denote by Px the associated Pin;^-principal bundle. Note that on orientable components of 
MX, the choice of an orientation allows to reduce the Pin^ structure into a Spin^ structure. 

2.2 Spinor states of balanced real rational curves 

Let {A,ca) C {X,cx) be a balanced irreducible real rational curve realizing the homology 
class d and with nonempty real part M^. In particular, MA is an immersed knot in MX and 
the normal bundle of ^4 is a real holomorphic vector bundle isomorphic to ©^(fc^ — 1) © 
C>A{kd — 1) where k^ = ^ci(X)(i G N*. Assume that MA has a marked point xq and fix an 
orientation on T^-^MX. Since t(;i(MX)[MA] = ci(X)[j4] = mod (2), this orientation induces 
an orientation on 

TMX|ma- The real ruled surface P{Na) = CP^ x CP^ has a real part 
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homeomorphic to a torus, it is thus isomorphic to CP x CP equipped with the product 
of standard complex conjiigation conj x conj. Put an orientation on M.A, the real rank two 
vector bundle MNa has an induced orientation such that a direct orthonormal frame of T^RA 
followed by a direct orthonormal frame of MA^^|a; provides a direct orthonormal frame of 
TxM-X for every x G M.A. Denote by h the class of the real part of a section of P{Na) 
having vanishing self-intersection, which is equipped with the orientation induced by the one 
of M.A. Similarly, denote by / the class of a real fiber of P{RNa), which is equipped with the 
orientation induced by the one of RA^^. Then the couple {h, /) provides a basis of the lattice 
Hi{RNa;1')- Choose a real holomorphic subline bundle L C Na such that P{L) C P{Na) 
is a section with vanishing self-intersection if is odd and a section of bidegree (1, 1) whose 
real part is homologous to ±(/i + G ifi(RA^^;Z) otherwise. The line bundle L is then of 
degree fe^ — 1 if is odd and kd — 2 otherwise. In both case, the real part RL is an orientable 
real line bundle. Denote by RE D TRA the real rank two sub-bundle of TRX which projects 
onto RL. This bundle is equipped with a riemannian metric induced by the one of TRX. 
Choose then {ei{p),e2{p))p£RA a loop of orthonormal frames of RE such that (ei{p))p^^A 
is a loop of direct orthonormal frames of TR^. Note that this choice is not unique since 
— e2(p))pGMA provides another such choice. Let (e3(p))pGRA be the unique section of 
TRXIk^ such that (ei(p), e2(p), e3{p))p^M.A is a loop of direct orthonormal frames of TRX|ka- 
Define then sp{A) = +1 if this loop of Rx lifts to a loop of the bundle Px and sp{A) = — 1 
otherwise. This integer is called the spinor state of the curve A. 



It neither depends on the choice of L nor on the choice of the orientation on RA or on the 
metric g. It only depends on the pin structure p and on the choice of the orientation on 
TxqRX when k^ is even. Indeed, reversing this orientation change sp{A) into its opposite in 
this case. Note that this spinor state is inherited from the complex immersion of in X and 
does depend on this immersion, not just on the immersion of R^ in RX. 

Remark 2.1 1) A spinor state for non-balanced real rational curve can be defined as well, 
but only the balanced case will be relevant for our purpose. 

2) A more geometric explanation of our construction can be given as follows. The choice 
of a real holomorphic section h G P{Na) with vanishing self-intersection provides a canonical 
- homotopy class of - ribbon structure on our knot. In case our ribbon is a Moebius strip, we 
have to cut this ribbon and perform half a twist in some direction before gluing it again in 
order to get cylinder and be able to associate some framing. This happens exactly when k^ is 
even. The choice of the homology class ±{h + v) instead of ziz(h — v) in the above construction 
is equivalent to the choice of such a direction. The point is that fixing an orientation on the 
tangent bundle over our knot is enough to fix a choice of such a direction without ambiguity. 



RX D RA 




62 (pi) 
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2.3 Statement of the results 

Let {X,cx) be a smooth real algebraic convex 3-manifold. Denote by (RX)i, . . . , (MX)„ the 
connected components of its real part MX and equip them with a PmJ structure p, see N2.1I 
Let d E H2{X;7j) be a class realized by real rational curves, such that ci{X)d is even and 
kd = ^ci{X)d G N*. 

Let X be a real configuration of kd distinct points of X, that is a configuration of kd distinct 
points which are either real or exchanged by the involution cx- For i E {1, . . . , n}, denote by 
i^i = #(2in(MX)j) and assume that Y17=i 0- Note that the n-tuple r = (ri, . . . , r„) encods 
the equivariant isotopy class of x. As soon as the choice of x is generic enough, there are only 
finitely many connected rational curves in the homology class d passing through x. Moreover, 
these curves are all irreducible and balanced and their number does not depend on the generic 
choice of x, it is equal to the genus Gromov-Witten invariant Nd = GW{X,d,pt, . . . ,pt). 
Denote by TZd{x) the subset of these curves which are real and by Rd{x) its cardinality. Since 
"^1^=1 ^iid x is generic, every curve A € TZdix) has nonempty real part. We can assume 

that all the real points of x are in a same connected component of MX, say since 
otherwise TZd{x) is empty. Choose such a real point, say x^^, as well as an orientation of 
Txi^^MX, and denote by r the equivariant isotopy class of x together with Xk^ enriched with 
an orientation on T^i^^MX. Then, every curve A G TZdix) has a well defined spinor state. 
Define finally : 

Theorem 2.2 Let (X, cx) be a smooth real algebraic convex 3-manifold and p be a Pin^ 
structure on MX. Let d G H2{X;'L) be such that ci{X)d is even and different from A, and 

= ^ci{X)d G N*. Let x = (xi, . . . be a real configuration of kd distinct points with 

at least one of them real, say Xk^, and r be the equivariant isotopy class of x together with 
Xk^ enriched with an orientation on Tx^.^MX if kd is even. Then the integer Xr'^{x) does not 
depend on the choice of x, it only depends on d,p and r. The same holds when ci{X)d = 4 
and the set of non-immersed rational curves of X in the class d is of codimension at least 2 
in the moduli space 7Wq^^(X). 

(See Remark 13.21 for a discussion on the condition ci{X)d ^ 4. In fact, I don't know any 
convex 3- fold having a non-immersed curve whose homology class d satisfies ci{X)d = 4. 
Similarly, I don't know any real convex 3-manifold having non-vanishing Gromov-Witten in- 
variants and a non-connected real part.) 

This integer is denoted by Xr''^ we set Xr''' = as soon as it is not well defined. 

Corollary 2.3 Under the assumptions of Theorem \2.'A assume in addition that kd is even 
and that MX has a non-orientable component {MX)i, i € {1,. . . ,n}. If r = (ri, . . . ,r„) with 
ri 7^ 0, then Xr^^ = 0. In particular, the genus Gromov- Witten invariant GW{X, d, pt, . . . , pt) 
is even. 

Proof : 

Let x{t) = (xi{t), . . . ,Xk^{t)), t G [0,27r], be a loop of configurations of points of X 
such that X2{t), . . . ,Xk^{t) are fixed and Xk^{t) defines a loop 7 of MX which is non-trivial 
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against the first Stiefel- Whitney class of MX. Equip T^.^ (t)IK^ with an orientation depend- 
ing continuously on t, then the orientations of T^^^i^q-jMX = T^^^(^2tt)^-^ opposite. Thus 

Xr^ix{0)) = -Xr'''(x(27r)). Now from Theorem 12:21 Xr'''(x(0)) = Xr'''(x(27r)). This forces the 
vanishing Xr'^ = 0. □ 

Denote by "^^(x) (resp. Tl^ix)) the subset of TZdinn) consisting of curves having positive 
(resp. negative) spinor state. Corollarv 12.31 means that these two subsets have exactly same 
cardinality, they are mirror to each other. One example of such a manifold is the quadric in 
CP'^ equipped with the real structure whose real part is non-orientable. 

Remark 2.4 1) It is convenient to fix an orientation on orientable components of MX and to 
use it to define the integer Xr'^- When is even, the sign of Xr'^ depends on this choice of an 
orientation. We can then get rid of the necessity to put an orientation on Txj^^MX. Indeed, 
for orientable components, it is given by their orientation and for non-orientable components, 
either kd is odd and the integer xt^ is anyway well defined, or kj. is even and x'l^ = from 
Corollarv 12.31 Note that the pin structure p together with the orientation induce then a spin 
structure on orientable components of MX. From now on, every orientable components of 
MX will be equipped with a spin structure 5, which is more convenient for our need. In case 
MX is orientable, the integer Xr''^ will be then rather denoted by Xr'^- 

2) Such a vanishing result as the one given by Corollarv 12.31 can also be given for curves in 
CP^ of even degree. Indeed, the integers Xr'^(^o) Xr'^i^li) must then have opposite signs if 
Xq and Xi are images to each other under a real reflexion of CP^. This has just been noticed 
and communicated to me by G. Mikhalkin. Once more, this implies that the associated 
Gromov-Witten invariant is even in even degree. The first degree where the values of these 
invariants of the projective space are not known is thus 5. The associated Gromov-Witten 
invariant is then 105 (and 122129 in degree 7 as taken out from 0). Note that similarly, the 
action of the group of real automorphisms of X on the space of real configuration of points 
provides symetries in the invariant x'^- 

Thanks to this remark, we can define the polynomial x'^'^i'^) = X^reN" Xr'''T'^ G '^[T], 
where = . . . T^" . This polynomial is of the same parity as the integer k^ and each 
of its monomials actually only depends on one indeterminate. Theorem 12.21 means that the 
function x''' ■ d G H2{X;1,) t—i- x'^''^(2^) ^ ^[T] is an invariant associated to the isomorphism 
class of the real algebraic convex 3-manifold {X, cx)- As an application, this invariant provides 
the following lower bounds in real enumerative geometry. 

Corollary 2.5 Under the assumptions of Theorem denote by Rd{x) the number of 
real irreducible rational curves passing through x in the class d and by the associated 
Gromov-Witten invariant. Then, \xr'^\ ^ Rd{x} ^ N^. □ 

Note that a similar invariant and similar lower bounds have already been obtained in |T1] , 
|15j using real rational curves in real symplectic 4-manifolds. The question was then raised 
whether there exists such invariants in higher dimensions. The results presented here thus 
provide a partial answer to this question. 

The following natural questions arise from Corollarv 12. 51 Are the upper and lower bounds 
given by this corollary sharps ? How to compute the invariant Xr '^ ? See USl for a discussion 
of related problems in real enumerative geometry and ^ for an estimation of the similar 
invariants constructed in ^1], |15j . 
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Finally, note that it is possible to understand the dependance of Xr'^ with respect to r, 

see 

Remark 2.6 G. Mikhalkin has just communicated to me that using considerations from 
tropical geometry, he is able to prove that in degree 4 in CP^, though the invariant xt'^ 
vanishes, the lower bound given by Corollarv 12.51 is sharp. This contrasts with the complex 
dimension 2, see 0. 

3 Proof of Theorem 

Let r € having T'i fixed points in {1, . . . ,kd} and such that = id. Remem- 

ber that evf^ : {^AQ f^^{X) , cj^ ^) (X^'*,Ct-) is a real morphism between real algebraic 
varieties, see p.ll Denote by Mt-X^'' (resp. Mt-TWq ^.^(X)) the real part of {X^'i,Cr) (resp. 
(ATj,fcd(^)'^,r)) and by M^evf^ the restriction of evf^ to M^ATjfc^(X) ^ M^X^''. 

3.1 Genericity arguments 

Proposition 3.1 Let X be a smooth algebraic convex S-manifold and uq : CP^ X 
be a morphism having a unique cuspidal point at zq € CP^ . Assume that the holomorphic 
bundle UqTX 0£pi{—zq) is generated by its global sections and denote by d = (uo)*[CP"'^] € 
H2{X]'L). Then, the locus of non-immersed curves is a subvariety of codimension 2 of 
A4qq{X) in the neighborhood ofuQ. 

Proof : 

Denote by T* the holomorphic vector bundle of rank 3 over A4q i (X) whose fiber over 
{u,CP\z) G M'^^iX) is the vector space Hom{TzCP^,Ti^i^^-^X). This bundle is equipped 
with a tautological section a : {u,CP^,z) G ^AQl{X) i-^ d\zU G Homc{TzCP^ ,Tu(^z)^)- 
The vanishing locus of a coincide with the locus of curves {u,CP^, z) G A4qi{X) having a 
cuspidal point at z. Let us prove that a vanishes transversely at the point {uq,CP^ , zq). For 
this purpose, we fix some holomorphic local coordinates in the neighborhood of zq G CP^ 
and in the neighborhood of uq(zo) G X. These coordinates induce a connection V on the 
bundle UqTX in the neighborhood of zq, as well as a connection V"^* on the bundle T* in 
the neighborhood of {uo,CP^ , zq). Let ^ G T^^CP^ and C ^ Ty^n{zo)-^- By hypothesis, there 
exists a section v of the bundle UqTX such that v{zo) = and Vv\zq = C* C- Then, 

{v,z= 0) G r(„^,cpi,^o)-^o,i(^) '^l^v,z=of = ^^1^0 = r C- Hence V^V|(„„,cpi,^o) 
surjective, the result follows. □ 

Remark 3.2 1) Let X = CP^ x CP^ and d = kl where k > 3 and / is the class of a line in 
a fiber {z} x CP^ of X. Then the locus of cuspidal curves is of codimension 1 in A4qq{X). 
However, if {u,CP^) is such a curve and z G CP^ is a cuspidal point of u, then the bundle 
u*TX (g) C'cpi(— z) is not generated by its global sections. 

2)Let (n,CPi,z) G M'l ^.^iX) be such that dim i7 ^ (CP^ ; iV„ ® Ocpi{-z)) = 1. Then u 
has a unique cuspidal point zq G CP^ and Nu = Ccpi {kd — 2) © Ccpi {^d — !)• From the long 
exact sequence associated to the short exact sequence TCP^ — > u*TX (g) C'cpi(— zq) — > 
-^M®Ocpi(~-2o) — > we deduce that the bundle u*TX(g)(9cpi(— zq) is generated by its global 
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sections as soon as kd > 3. When = 1, A^q ^.^(X) does not contain any non-immersed curve 
since deg{u*TX) = 2, which imphes that any morphism of sheaves TCP^ u*TX is injec- 
tive. For kd = 2, see the next remark. 

3) Let ^ be a cuspidal cubic curve in CP2. Denote by Y the blown up of CP^ at 5 
distinct points of A outside its cuspidal point and by A the strict transform of A in y. Then 
A (Z X = Y y, CP^ satisfies ci{X)A = 4, but the locus of non-immersed curves of X in the 
class [A] is of codimension one. In this case however, though H^{A;TX\^) = 0, X is not 
convex. 

The divisor R^-ZC = RrMQ f.^{X) XR^Mq /^^{X)* is real and made of reducible or multiple 
curves. Denote by WrK-reg the locus of curves {u, C, z) G R,-AI such that C has two irreducible 
components Ci and C2 for which n(Ci), u{C2) are real, immersed and meet in a single ordinary 
double point away from u[z), and which have one of these two properties : 

- Either ti(Ci), u{C2) are both balanced and for i € {1,2}, = Cj H z has cardinality 
^ci{X)di where di = ti*[Cj] € H2{X;'L). 

- Or Nu, = OcAkd, - 1) e OcAl^d,) and iV^^ = Oc,{kd, - 2) © Oc^kd, - 1) where 
kd^ = E{^ci{X)di), kd2 = E{^ci{X)d2) + 1, ui = ii|ci and U2 = u\c2- Moreover, = Cj n z 
has cardinality fc^. for i € {1,2}, and the tangent line to u{Ci) (resp. to u{C2)) at the point 
u{Ci) n u{C2) is not mapped to the unique subline bundle of degree fe^j — 1 (resp. kd^) of 

(resp. Nu^). 

Proposition 3.3 The image of the complement Mt-ZC \ RrK^reg under M^ew^^ is of codi- 
mension at least two in M.-j-X^'^ . 

Proof : 

From Theorem 11.11 /C is a divisor with normal crossings of AiQ j^^{X). As a consequence, 
the locus of curves having more than two irreducible components or meeting in more than 
one single ordinary double point is of codimension at least two in A4q j^^{X). It suffices 
then to prove the result for curves {u, C, z) such that C has two irreducible components Ci 
and C2 for which m(Ci), u{C2) meet in a single ordinary double point away from u{z). For 
i G {1,2}, denote by = Cj fl z, di = n*[Cj] G H2{X;Z) and kd^ = #z*. The morphism 
evf^ restricted to these curves is the composition of the restriction morphism (u, C, z) G 

/C I— > ((til, Ci, z^), (ii2, C2, z^)) G A^o\, {X) X AlnV {X) and of the evaluation morphism 
evf}^ X ev'j^^ : Alg^fcd^ (^) ^ ^o,ki^ (^) ~^ X^'*. Two cases are now to be considered depending 
on whether ci{X)di is even or odd. In the first case, we can assume that kd^ = ^ci(X)(ij. 
Indeed, if kd-^ > ^ci{X)di for example, then dimA^g^^^ {X) = ci{X)di + kd-^ < 3kd^ — 2 = 
dim(X'^'')— 2 so that already the image of eu^l^ ^^^fc^ is of codimension 2 in X^'*. For the same 
reason, from Lemma ll. 21 we can assume that at least one of the two curves u{Ci), u{C2), say 
u(Ci), is balanced. Note that perturbing the kd^ points u(z^) in X^''-i , we can deform u{Ci) 
in order to separate it from u(C2). It follows that the image of the restriction morphism 
K. — > A4q^i^^^{X) X M-Q^i^^^{X) is of codimension at least one in A^g^^^^(X) x M-q^i^^^{X). 

Moreover, from Lemma ll. 21 the image of non-balanced curves of ■Mo\^ (X) under ev^^ is of 

codimension at least 1 in X^''^ . It follows from these two remarks that we can also assume 
that n(C2) is balanced. The only remaining thing to prove in this first case is that we can 
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assume that both u(Ci) and u{C2) are real. If this would not be the case, they would be 
exchanged by the involution cx- They would thus meet at each real point in the configuration 
X. By hypothesis, there exists such real points. Now since the condition to have a marked 
point at the intersection point Ci fl C2 is of codimension 2 in ^AQ j.^{X) -it creates a "ghost" 
component-, we are done. 

In the second case, we can for the same reason assume that k^^ = E{^ci{X)di), k^t^ = 
E{\ci{X)d2) + 1 and then that N^^ ^ OcAkd^ - 1) Oc,{kd,) and N^^ ^ Oc^i^d^ - 2) 
Oc2{kd2 ~ !)• Moreover, we can assume that both u{Ci) and u{C2) are real. Finally, the 
condition on the tangent line of u{Ci) (resp. of u{C2)) at the point u{Ci) n u{C2) can be 
obtained by perturbation of the configuration of points u{z^) and n(z^) in X'^'^i and X^''-^ . It 
follows that the locus of curves which do not have all these properties is of codimension at 
least two in ^AQ^j^^{X). Hence the result. □ 

3.2 Proof of Theorem [211 

Let sP,x} € M.T-X^'' be two regular values of Mt-cv'^^ which belong to the same connected 
component of M.^-X^'' outside the divisor M.Dreg = M.T-ev'^^{M.T-}Creg) ■ We have to prove that 
Xr^'^'ix^) = Xr'^i-H^)- Let 7 : [0, 1] — > Mt-X'^'* be a generic piecewise analytic path joining of to 
and transversal to Mref^^. Denote by MA4^ the fiber product M.rA4Q^)^^{X) [0, 1] and by 

Mvr^ the associated projection M.A4j [0, 1]. The integer XL^ilit)) is well defined for every 
t € [0, 1] but a finite number of parameters < io < ■ ■ ■ < < 1 corresponding either to 
critical values of Mvr^, or to the crossing of the wall MD^eg = ^T&vf.^{M.-r}Creg) ■ We can assume 
that the latter is crossed transversely by 7. Note also that from Lemma ll. 21 and Proposition 
13.11 critical points of Mvr^ correspond to immersed irreducible curves (n, C, z) with normal 
bundle isomorphic to Oc{kd — 2) © Oc{kd)- 

Lemma 3.4 The path 7 can he chosen such that when it crosses the wall of critical values 
o/Mvr^, only one real point Xi{t) of j{t) = . . . ,Xk^{t)) depends on t. Similarly, it can 

be chosen such that when it crosses the wall MDreg, either only one real point of ^{t) depends 
on t, or only two points exchanged by cx depend ont. In the last case, this choice can be done 
such that in addition to the kd — 2 constant points of 7, the corresponding family of curves in 
MM-y has a common fixed real point in MX. 

Proof : 

Let {u,C,z), C = Ci U C2, be a stable map in WrlCreg- The tangent space to M-Dreg 
at the point u{z) consists of infinitesimal deformations of u{z) for which u{C) deforms into 
a reducible connected curve passing through this configuration of points. From Proposition 
two cases are then to be considered. If {ui,Ci, z^) and {u2,C2, z'^) are balanced, where 
z^ = z n Ci and Ui = u\ci, we can assume that u{C2) has a real point in the configuration 
u{z), say u{zk^)- There exists then a real section V2 of the normal bundle which vanishes 
at every point of except and which at the point u{Ci) fl u{C2) does not belong to 
the image of the tangent line of u{Ci) in Nu2- Then, the infinitesimal deformation of u{zk^) 
in the direction ^2(2^^), the other points u{zi), . . . ,n(zfc^_i) being fixed, provides a vector 
transversal to "^D^eg at the point u{z). This proves the lemma in this case. 

Assume now that Nu, = Oc, {kd, - 1) © Oci (^di ) and N^2 = {kd2 - 2) © Oca (^da - 1) > 
where kd^ = #{z'^)- If ui^z"^) has a real point, say u^z^^), then it suffices to deform u{zk^) in 
a real direction which does not project onto a fiber of the unique subline bundle of degree 
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— 1 of Nu2, the other points u{zi) , . . . , u{zk^_i) being fixed, to define an infinitesimal 
deformation of u{z) transversal to WDj-eg- Otherwise, u{z'^) has at least two points exchanged 
by cx, say u{zk^-i) and u{zk^). Choose two distinct real points z'j^^_^ and in the real part 
of C2 \ z"^ , and denote by z' = {zi, . . . , Zk^-2, z'j^^^i, z'j^^). Then (n, C, z') £ Mr'/Creg, where 

t' = To{kd — 1 kd)- Let (lij, Ct,z[) G M,-/ Alg ^..^(X) be a path transversal to Mr'/Cregj such that 
only depends on t. Such a path exists from what we have already done. Choose 

a deformation Zk^{t) of the points z^^-i, z^^ of Co = C such that ut(zfc^_i(t)) 

and ut{zk^{t)) are exchanged by cx- Then the path {ut,Ct, z{t)) G M,-A^o ^.^(X), where 
z{t) = {zi{t), . . . ,Zk^{t)), is transversal to MrA^reg at the point {u,C,z). Moreover, only the 
points ut{zk^-i{t)) and ut{zk^{t)) depend on t, and the curves ut{Ct) have an additional real 
fixed point, namely ut{z'^_^_^{t)). The lemma is thus proved in this case. 

Finally, assume that (n, C, z) is a critical point of Mvr^ and that u{zk^) is real. Then 
Nu — Oc{kd — 2) © Oc{kd)- Choose any infinitesimal deformation of u{z) which fixes 
u{zi), . . . ,u{zk^-i) and deforms u{zk^) in a real direction different from the one given by 
the unique subline bundle of degree kd of A^^^. This deformation is transversal to the wall of 
critical values of MrCff^. Hence the result. □ 

Proof of Theorem 12.21 : 

Choose a path 7 given by Lemma 111 41 We have to prove that the value of the integer 
Xx'^^ili^)) does not change when t crosses the parameters < ■ ■ ■ < tj. When this parameter 
corresponds to a critical value of Mvr-y, this is given by the following Proposition When 
this parameter corresponds to the crossing of the wall MrDj-eg, this is given by the following 
Proposition 13.71 □ 

Proposition 3.5 Let {u,C,z) G MA^^ be a critical point 0/ Mvr^, Iq G N* be the van- 
ishing order of d\^y^^c,z)^'^'r ^''^d, to = M.Tr^{u,C, z) g]0, 1[. Then, there exists r] > and a 
neighborhood Wq of (u, C, z) in RTW^ such that the following alternative occurs : 

1) EitherlQ is odd, then for everyt £]to—r],tQ[, WoriRTT~^{t) = {{uf , z^), {u^ ,Cf^ , z^T)} 
with sp{uf {C^')) = —sp{u^{C^)) and for every t G]to)*o + ^[; ^0 nM7r:^-'^(t) = 0, or the con- 
verse. 

2) Or Iq is even, then for every t G]to — ^/j^o + ^0 H IR7r~-'^(t) = {{ut,Ct, Zt)} and 
sp{ut{Ct)) does not depend ont^t^. 

Proof : 

Let us complexify the path 7 in the neighborhood of to g]0, 1[ in order to get an analytic 
path 7c : t G ^toiil) = {-^ ^ C | — to| < ^ ^^"^ such that for every t G At(,(7/), 7c (t) = 
Ct ° 7c(i) and 'yc\]to-rj,tQ+r)[ = 7- Denote then by Ai-y the fiber product A^Q ^^iX) [0, 1] 
and by the associated projection — > Atg{ri). Denote also by ?7 ^ Ai-y the restriction 

of Ugkai-^) ~^ ■^o,ka(-^)* ■ Hence, [/ is a ruled surface over the smooth curve A4y. Denote 
by and cjj the real structures on and U, so that the submersion U — > Ai^ is Z/2Z- 
equivariant. Fix a real parametrization A G A {ux,C\, z'^) G Aij so that the projection 
— > A((,(77) writes A G A 1— > r/A'o+^ + to- Denote then by N the holomorphic rank two 
vector bundle over U whose fiber over Cx is the normal bundle A^^^^. For A 7^ 0, we have 
iV„, ^ Oc^ikd - 1) © Oc,{kd - 1) and for A = 0, Nu, = Oc^{kd - 2) © Oc,{kd). Thus, the 
projectivization P{N) is a deformation of ruled surfaces over the disk A such that the fibers 
P{Nu^) over A G A\{0} are isomorphic to CP^ xCP^ and the fiber P{Nuq) is isomorphic to the 
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ruled surface P(C'cpi ® ^CP^C^))- The path 7c can be written (xi(t), . . . ,Xk^{t)) where only 
the last point Xk^{t) G MX depends on t and x'^_^{t) is never tangent to a rational curve of M.^. 
It follows that each ruled surface P{Nu^) has a marked point w\ which is the projectivization 
of the complex line generated by x'j^^{t\) G N^)^, for t\ = r/A'""*"^ + Iq. Since 7c is transversal 
to the wall of critical values of evf^^ wq does not belong to the exceptional section of P{Nuo). 
Let /iQ be a real section of P(A^ug) disjoint from the exceptional section and passing through 
wq. This section can be deformed into an analytic family (/ia)agA of sections of P{Nu^) 
such that hx passes through w\, hj = h\ and h\ is of bidegree (1, 1) in P{Nu^) for A / 0. 
Denote by L\ C N^^ the subline bundle associated to hx and by M\ = Nu^/L\. We have 
deg(L>,) = — 2 and deg{Mx) = k^. Moreover, the extension ^ Lx ^ N^^ Mx — > 
is non-trivial for A 7^ and trivial for A = 0. Fix an identification U = A x CP^ such 
that is constant and let 5 be a real generator of H^{CP^;0£pi{—2)). There exists a 
holomorphic function / : A ^ C such that the extension class of ^ La ~^ ~^ ~^ 
is /(A),5 G H\CP^;Ml®Lx) = H^{CP^;Ocpi{-2)). Then, /(O) = 0, /(A) / if A / 
and we define /j G N* to be the vanishing order of / at 0. Let Vo,Vi be the two standard 
affine charts of CP^, chosen such that Zfc^(to) belongs to Vq. The deformation N is then 
obtained as the gluing of the trivializations Vq = A x Vq x 0£pi{kd — 2) © 0£pi{kd) and 
Vi = A X Vi X Oicpi{kd — 2) © Oicpi{kd) with gluing maps : 

(A,z,(si,S2)) G Von Vi ^ (A,z,(si,si + /(t)(5s2)) G Vi n Vq. 

Now, note that the bundle has a tautological section = j^ux- This section vanishes 
at the fixed points z^, . . . , Denote its coordinates in the trivialization Vq by v'^{z) = 

{X,z, S2 (-z))). Since {uo,Co, z^) is a critical point of vr^, from Lemma ITT^ vq defines a 

non-zero element of H^{Co; Ny,o Oco{-zo)) = H^{CP^;Ocpi{-2) © Ocpi). It follows that 
the component of vanishes. Let us prove that the vanishing order of s^(zfc^) at A = 
is //. Indeed, in the Taylor expansion of all the terms of order less than If define sections 
of Lx which vanish at the points z^, . . . , -z^^^i- These are thus the zero section. Denote by 
(si)^'^-' (resp. {32)^'^^) the term of order Ij (resp. 0) in the Taylor expansion of (resp. 
4). Then the triple {X, z, {{si)^^f \z^J, {s2Y^\z^^)) defines a section of the bundle A^. If 
{si)^''f\zk^) = 0, then this section vanishes at the k^ points zi, . . . ,Zk^. Since when A 7^ 0, 
— {kd — 1) © {kd — 1), this is impossible and thus the vanishing order of s^(zfe^) at 
A = is exactly If. Note that since by construction Lx contains x'p.^{tx), where tx = rjX'-^'^^+to, 
the second component S2 is identically zero at the point z^^. From 7r^{ux,Cx, z''^) = ux{z^), 
we deduce that d\(^^^^(j^^^x'^TTj{vx) = vx{z'^) = (0, . . . ,0,vx{z^^)). Hence the vanishing order lo 
of (72)7r^ is the one of Si{z^J at the point A = 0, that is If. 

Now, fix an orientation of the curves MCa, A g] — 1, 1[, and denote by [Mua] the section 
of P{E.Nux) associated to the line bundle generated by vx. The latter is equipped with the 
orientation induced by the one of MCx- Note that it is the real part of a section of P{Nux ) with 
self-intersection zero, since the holomorphic line bundle generated by vx has degree kd — 1- 
Similarly, the real rank two vector bundle MA^^^ has an orientation induced by the ones of 
MCa and T^^. MX. Let fx be a fiber of P(MA''„^) equipped with the orientation induced by 
the one of MiV„^. Then, for A / 0, {[Rvx], fx) provides a basis of the lattice i/i(P(M7V„ J; Z). 
The section Rhx = P(MLa) has bidegree (1, 1). Let e G {±1} be such that for A < 0, [Rhx] = 
[Rvx]+efx G i/i(P(MiV„J;Z). Then, for A > 0, [Rhx] = [RyxM-'^Y' ^fx € i/i(P(M7V„J; Z). 
This follows from the local expression of vx in the neighborhood of z^ , which is of the form 
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z € MCa ^ i}^^ 1 z), whereas the classes [M/ia] and fx continuously depend on A g] — 1, 1[. 




A<0 A=0 A>0 



It follows that if Iq = If is even, the spinor states of {ux, Cx,z^) and (u_a, C^x^ z^^) coincide 
for every A 7^ 0, whereas they are opposite when Iq = lf is odd. Indeed, in this last case, the 
homotopy classes of the loops of the bundle Rx of orthonormal frames that we construct in 
order to compute the spinor state (see ^2.2|) exactly differ from the class of a non-trivial loop in 
a fiber of Rx- The result now follows from the fact that the projection vr^ has been identified 
in the neighborhood of (u, C, z) G MA^^ with the map A g] — 1, r]\^"^^ + tQ ^\tQ — r], to + ?7[- 
□ 

Remark 3.6 From the proof of Proposition 13 . 51 arise the following question. Are the generic 
critical points of the evaluation map eu^^ : M.q j^^[X) X^'' non-degenerate when X is 
convex, e.g. when X = CP"^ ? 

Proposition 3.7 Let (n, C, z) G MA^^ be such that C is reducible and ti = M7r^(n, C, z) G 
]0, 1[. Then, there exists r/ > and a neighborhood Wi of {u, C, z) in MA4^ such that for every 
t €.]ti — rj,ti + r][, Wi nM7r~^(t) = {{ut,Ct, Zt)}. Moreover, sp{ut{Ct)) does not depend on 
t^ti. 

Proof : 

From Propositions 11.31 11.51 and the choice of 7, {u,C,z) is a regular point of Mtt^. Thus 
there exists rj > and a neighborhood Wi of (u, C, z) in MA^^ such that for every t G 
]ti — r],ti + r][, Wi n M7r:^-'^(t) = {{ut, Ct, zt)}. Denote by f7 — > Wi the universal curve, it has 
a unique singular fiber over t = ti. The real part MU is thus homeomorphic to a cylinder 
Cyl blown up at one point, that is to the connected sum of a cylinder and a Moebius strip. 
From Lemma 13.41 the family ut{Ct) passes through /c^ — 1 fixed points. For every t ^ ti, 
the restriction TMUl^Ct projects onto a subline bundle of the normal bundle of MCj in MX 
which is the real part of a holomorphic line bundle of degree /c^ — 1. Assume that is odd, 
so that this line bundle can be used in order to compute the spinor state of MCt, t ^ ti. The 
case kd even will follow along the same lines. Fix a continuous family {ei{z) , e2{z)) , t 7^ ti, 
z G MCt, of orthonormal frames of the tangent space at ut{z) of the image of MU in MX. 
This family is completed in a family (e]^(z), e^z), 63(2;)) of orthonormal frames of T^^^^)^^- 
Remove a small disk D around the blown up point of Cyl. In Hi{Cyl \ L';Z/2Z), the class 
of the fiber [RCf^+^] equals the sum of the class of the fiber [MCti-,;] ^.nd the class of the 
boundary dD. Equip these loops with a family of orthonormal frames of TMX as before 
and denote by p(MCj) and p{dD) the loops of Rx thus obtained. These loops are related by 
p{MCt^+rj) = pO^Ctj-rf) + p{dD) + pq ^ Hi{Rx;1>/2'L), where pq is a non-trivial loop in a 
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fiber of Rx- This is suggested by the following picture. 




-1 J 



dD 



ti-v 




Assume now that MX is orientable, or that if Ci,C2 denote the two components of C, then 
the curves [u\ci,Ci, z H Ci) and {u\c.2^C2, z fl C2) arc balanced. In the Moebius strip that 
is glued instead of the disk D, the boundary dD is homologous to two times the core A 
of the Moebius strip. Denote by p{A) a loop in Rx obtained by equipping every point 
z e A with a orthonormal frame (61(2;), 62(2), e3(z)) of Ty^^f^^^RX, such that ei{z) G TzA and 
{ei{z), 62(2;)) generates the tangent space of the Moebius strip at z except in a neighborhood 
of a point zq € A where (61(2;), 62(2;), 63(2;)) does a half twist around the axis TA (which 
is necessary since the Moebius strip is not orientable). Then, one observes the relation 
p{dD) = 2p{A) +poe Hi{Rx;Zm. 



lit! 





1' ' 


ft/ 





We finally deduce that p{RCti+rj) = p{RCt^-rj) G Hi{Rx;Z/2Z), so that sp{uti+ri{Cti+n)) = 

Sp{uti-r,{Cti-ri)). 

It remains to consider the case when MX is not orientable and the curves {u\ci,Ci, zHCi) 
and {u\c2, C2, z C2) are not balanced. In this case, the double cover of orientations MX 
MX is non-trivial over Ai = u{MCi) and A2 = u{MC2)- Denote by Ai and A2 the lifts of Ai 
and A2 in RX. These are two immersed circles in MX which intersects in two ordinary double 
points ai and 02. These points divide Ai (resp. A2) in two connected components A'y and 
Aj (resp. A2 and A2). Let x^^ be the lift of x^^ in MX given by the choice of an orientation 
on Tx^J^X. For t ^ ti in the neighborhood of ti, denote by MCt the unique lift of ?i(MCt) in 
MX which passes through x^^. Without loss of generality, we can assume that € Af and 
that for t+ ti + ?][ (resp. t_ — 77, MCf_|_ is in the neighborhood of ^4]^ U (resp. 
Af U A2). Denote by p(MCj_,_) the loop of Rx obtained by equipping the curve MCt_,_ with a 
family of direct orthonormal frames (61(2;), 62(2;), 63(2;)) ^^5;^ as before. Then, the difference 



lim; 



P{RC; 



-lim* 



is observed to be a loop of Rx over A2 which is invariant 



under the involution invR : (61,62,63) G Rx\x ^ (^^U inv(ei), inv(62), — cZ|a; inv(63)) G 
Rx\inv{x) where inv is the involution of the covering MX — > MX. Indeed, its restrictions 
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^(^4^) and p{A2 ) over and A2 respectively are paths exchanged by invR. 




It follows that 



< TT*w{Px),p{^Ct^)-p{^Ct^) > 

< w{Px),7rMAt) +P(^2 )) > 
0, 



where w{Px) is the characteristic class of the covering Px Rx- D 

Remark 3.8 It would be interesting to extend Theorem 12.21 to the case X^ILi ~ ^- "^^^ 
non-vanishing of this sum has been used to define the spinor state of real balanced rational 
curves of class d when RX is not orientable and = ^ci{X)d is even. It has also been used 
to make sure that all the real rational curves under consideration have non-empty real parts. 
In the case of real curves with empty real parts, I cannot define a spinor state yet, and I 
cannot prevent the presence of critical points as the one described in Proposition 13.51 Note 
that this problem did not appear in dimension 2, see 



4 A study of the polynomial x^'^ 

As was done in |15j , it is possible to understand how the invariant Xr'^ depends on the n-tuple 
r in terms of a new invariant. The aim of this last paragraph is to explain this phenomenum 
in the case of {X,cx) = {CP'^,conj). 



4.1 Invariants of the blown up projective space 
4.1.1 Statement of the results 

Let (y, cy) be the real algebraic 3-manifold obtained after blowing up a real point xq of 
[CP^, conj). Denote by Exc C Y the exceptional divisor of the blow up, / C Exc = CP^ the 
class of a line and f CY the strict transform of a line in CP^ passing through xq. The cone 
NE{Y) of effective curves of Y is of dimension 2, closed and generated by / and /. Note that 
Y is not convex. Indeed, if u : CP^ — > Y has an image contained in Exc which is not a line, 
then H^{CP^;u*TY) ^ 0. Note also that if A C y is an irreducible curve not contained in 
Exc, then A is equivalent to af + hi with < 6 < a, since < A. Exc = a — b. 

Let < A; < d and dy = d{f + 1) — kl, so that ci(y).dy = M — 2k. Denote by k^y = 2d — k. 
Let y C y'^'^v be a generic real configuration of k^y distinct points of Y, and r be the number of 
real points in this configuration which is assumed to be non-zero. There are then only finitely 
many connected rational curves in Y passing through y in the homology class dy- Moreover, 
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these curves are ah irreducible and balanced and their number does not depend on the generic 
choice of y, it is equal to the genus Gromov-Witten invariant N^y = GWiY^ dy^pt, ■ ■ ■ ,pt) 
(see 131 )■ Denote by TZdyiv) the subset of these curves which are real and by Rdyiy) its 

cardinality. Equip RY = RP^#RP with a spin structure 5y. This spin structure allows us 
to define a spinor state for each real curve A C TZdy (y) , as in N2.2I Put then : 

Theorem 4.1 Let (y, cy) be the blown up of {CP^,conj) at a real point xq and Sy be a 
spin structure on RY . Let < k < d, dy = d{f + 1) — kl and k^y = 2d — k. Let y be a generic 
real configuration of k^y distinct points ofY such that r = #{yriRY) does not vanish. Then 
the integer Xr^ '^^ {y) does not depend on the choice ofy. 

This integer Xr^'^^ iv) is denoted by Xr^'^^- We deduce from this Theorem 14 . 1 1 the following 
lower bounds in real enumerative geometry. 

Corollary 4.2 Under the assumptions of Theorem \4.1[ denote by Rdy{y) the number of 
real irreducible rational curves passing through y in the class dy and by N^y the associated 
Gromov-Witten invariant. Then, Ixr^'^^l ^ Rdy{y) < Ndy. □ 

4.1.2 Proof of Theorem W7\\ 

Lemma 4.3 Let Y be the blown up of CP^ at a point and Exc C Y be the associated 
exceptional divisor. Then every morphism u : CP^ Y such that H^{CP^;u*TY) ^ has 
an image contained in Exc which is a curve of degree greater than one. 

Proof : 

The manifold Y has a submersion p : Y ^ CP^ = Exc whose fibers are rational curves. 
In fact, Y is isomorphic to the projectivization P{0£p2 ® Ocp2(l)). Denote hy H = 0£p2 
Ocp2(l), L C p*H the tautological subline bundle over Y and M = p*H/L. Denote by F 
the kernel of the morphism dp : TY TCP^, one has the isomorphism F = Hom(L, M) = 
L* M. Let u : CP^ Y, from the short exact sequence 

^ Ocpi{u*F) Ocpi{u*TY) OcpiKTCP^) ^ 

we deduce the long exact sequence 

> H\CP^;u*{L* ^ M)) H\CP^;u*TY) H\CP^ ; {p o u)* (TCP^) ^ ... 

Since CP^ is convex, H^{CP^; {p o u)* {TCP'^) = 0. Consider then the exact sequence 
u*L ^ {p o u)*H u*M 0. Denote by b the degree oi p o u : CP^ CP^, 
one has {p o u)*H = O^pi ® O^pi^b). We deduce the following alternative. Either u*L is 
the unique subline bundle of (p o u)*H of degree b, which implies deg(u*(L* M)) = —b and 
H^{CP^; u*TY) ^ as soon as 6 > 2. In this case, Im{u) is contained in Exc. Or u*L is not 
the unique subline bundle of {pou)*H of degree 6, then deg(ti*(L)) < and deg(n*(M)) > b. 
This implies that H^{CP^;u*{L* (g> M)) = and thus H^{CP^-u*TY) = 0. □ 
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Proof of Theorem 14.11 : 

Let r G S^^^ having r fixed points in {1, ... , kdy } and such that = id. Let (A^o^'^ (■^)' ^vv( r) 
be the space of genus stable maps of Y having kdy marked points and reahzing the homology 
class dy- This is a real algebraic subvariety of the variety (A^q ^.^^ (CP^), ^) associated 
to a real embedding vr : (y, cy) — > {CP'^,conj) such that Tr^dy = b, see j2j. Denote by 
■^o^d (^)* complement in -Mq^^ (X) of the locus of curves having a multiple component 
or a component included in Exc. This variety is smooth of dimension ci + kdy = 3^^^ , 

but not compact. However, the evaluation morphism -A^o^^ (^)* ^ y^'<*y ig proper over a 
generic path of y'^'^y , Theorem 14.11 is then proven in the same way as Theorem 12.21 □ 

4.2 Relations between the coefficients of the polynomial x'^'^iT) 

Denote once more by {Y,cy) the real algebraic 3- manifold obtained after blowing up a real 
point xo of (CP3, 

conj). Assume that the riemannian metric g of MP^ fixed in ti2.1l is flat in 
a neighborhood of xq. Denote by 'g the associated metric of MP and by Rx the S03(M)- 
principal bundle of direct orthonormal frames of MP . Let Px Rx be a 5pin3-principal 
bundle defining a spin structure s on MP . Making a surgery in a neighborhood of xq which 
is small enough, the manifold RY = RP^#RP comes equipped with a riemannian metric 
gi^g. Denote by Ry the associated S03(M)-principal bundle of direct orthonormal frames. 
The bundles Px and Px glue together to form a S'pins-principal bundle Py over Ry which 
defines a spin structure on RY denoted by s #s. 

Theorem 4.4 Let {Y,cy) be the blown up of {CP^ , conj) at a real point xq, s be a spin 
structure on RP'^ and 5#s be the associated spin structure on RY. Let d € W , dy = 
d{f + I) — 21 & H2{Y;Z) and = 2d. Then, for every integer r between 2 and kd — 2, we 
have Xr+2 = Xr - 2Xr ' ^ ■ 

(The classes / and I in H2{Y; Z) have been defined in ^4.1.11 ') 

Lemma 4.5 Let u : CP^ CP'^ be a morphism passing through xq G CP^, which is an 
immersion in the neighborhood of u^^{xq). Denote by Nu the normal bundle of u in CP^ 
and by z = n~^(xo) C CP^ . Let Y be the blown up o/CP^ at xq, u : CP^ ^ Y be the strict 
transfrom of u and be its normal bundle in Y. Then one has the isomorphism : 

Nu = Nu0Ocpi{-z). □ 

It follows in particular from this lemma that if u is balanced, then so is H. 

Proof of Theorem 14.41 : 

The begining of this proof is the same as the one of Theorem 3.2 of TS". Let x"*" = 
(xi, . . . , Xk^) be a generic real configuration of k^, distinct points of CP^ \ {xq}, r + 2 of which 
are real. Let two such real points, say Xk^^-i and Xk^, converge to xq along a generic real 
tangency tq G P(ra;QMP^). Denote by x^ the configuration of points (xi, . . . ,Xfc^_2,xo) in 
the limit. The rational curves in the set TZd{x^) converge to immersed irreducible real rational 
curves passing through x^ and either having the tangency tq at xq , or having a real ordinary 
double point at xq which is the local intersection of two real branches. The latter are the 
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limit of exactly two curves of TZdix'^), denote by Cim^{x^) their set. Similarly, is the 
limit of a generic real configuration of distinct points of CP^ \ {xq}, r of which being 
real, when two complex conjugated points of x~ converge to xq along a generic real tangency 
To € P{Txg^P^)- The rational curves in the set TZd{x~) converge to immersed irreducible 
real rational curves passing through x^ and either having the tangency tq at xq, or having 
a real ordinary double point at xq which is the local intersection of two complex conjugated 
branches. The latter are the limit of exactly two curves of 'R.d{x~), denote by Cim~{x^) 
their set. It follows easily that 

For every curve A € Cim{x^) = Cim^{x^) U Cim~{x^), denote by Ay its strict transform 
in Y. The curves Ay, A £ Cim{x^), are exactly the elements of the set TZdyiu), for y = 
(xi, . . . ,Xk^-2) £ Y^'^Y . When A G Cim~{x^), it follows from the construction of the spin 
structure s#5 that sp{Ay) = sp{A). We have thus to prove that when A £ Cim~^{x^), 
sp{Ay) = —sp{A). 

Let (ei(p), 62 (p), 63 (p) be a loop in the bundle Ry of direct orthonormal frames of 

MY constructed in ^2.21 so that sp{Ay) is the obstruction to lift this loop as a loop in Py. 
Fix an orientation of MAy, which induces also an orientation of the normal bundle of MAy 
in My, and let WAy HMExc = {po,pi}- We construct then the loop (ei(p), e2(p), e3(p)) of 
Ry as the concatenation of the four following paths. The path (ei(p), e2(p), e3(p))pg[p(, p^], 
then a path completely included in the fiber of Ry over pi. This path is obtained from 
(ei(Pi)) e2(]?i), 63(^1)) by having this frame turning of half a twist in the positive direc- 
tion around the axis generated by ei(pi). The end point of this path is thus the frame 
(ei(pi), -62(^1), -63(^1)). Then the path (ei(p), -e2(p), -e3(p))pg[p^^P(,]. Finally, a path com- 
pletely included in the fiber of Ry over pQ. This path is obtained from (ei(po); —^2{po), —^sipo)) 
by having this frame turning of half a twist in the negative direction around the axis gen- 
erated by ei{po). The end point of this path is thus the frame (ei(po)i 62(^0); £3(^0))) 
so that we have indeed constructed a loop in Ry which is homotopic to the initial loop 
(ei(p), e2(p), e3(|?))pgKAy • Remember that WY is obtained as the connected sum of RP^ and 
MP in the neighborhood of xq. We may choose the radius of the ball used to perform the con- 
nected sum as small as we want, and have this radius converging to zero. In this process, the 
curve RAy degenerates to the union of the curve RA C MP^ and two lines ML*! , ML'2 of MP 
passing through xq. The loop (ei(p), e2(p), e3(p)) of Ry degenerates to the union of a loop 
(ei,e2,e3)|RA of Rx and two loops (ei, 62, e3)|RDi, (ei, 62, e3)|MD2 of Rx- By construction, 
the obstruction to lift (ei, 62, e3)|]RA to Px is exactly sp{A). Similarly, the homotopy class of 
the loop (ei, 62, 63)1^.01 differs from the one of (ei, 62, e3)|]R£)2 by a non-trivial loop in a fiber of 
Px- We deduce that sp(MDi) = —sp(MD2) independantly of the choice of a spin structure on 
MP^. It follows that sp{Ay) = sp{A)sp{RDi)sp{RD2) = -sp{A)sp{mDif = -sp{A). □ 

References 

[1] M. F. Atiyah, R. Bott, and A. Shapiro. Clifford modules. Topology, 3(suppl. l):3-38, 
1964. 



23 



[2] W. Fulton and R. Pandharipande. Notes on stable maps and quantum cohomology. In 
Algebraic geometry — Santa Cruz 1995, volume 62 of Proc. Sympos. Pure Math., pages 
45-96. Amer. Math. Soc, Providence, RI, 1997. 

[3] A. Gathmann. Gromov-Witten invariants of blow-ups. J. Algebraic Geom., 10(3) :399- 
432, 2001. 

[4] M. Gromov. Pscudoholomorphic curves in symplectic manifolds. Invent. Math., 
82(2):307-347, 1985. 

[5] I. Itenberg, V. Kharlamov, and E. Shustin. Welsctiinger invariant and enumeration of 
real rational curves. Intemat. Math. Res. Notices, 49:2639-2653, 2003. 

[6] R. C. Kirby and L. R. Taylor. Pin structures on low-dimensional manifolds. In Geometry 
of low-dim,ensional manifolds, 2 (Durham,, 1989), volume 151 of London Math. Soc. 
Lecture Note Ser., pages 177-242. Cambridge Univ. Press, Cambridge, 1990. 

[7] J. Kollar. Rational curves on algebraic varieties, volume 32 of Ergebnisse der Mathematik 
und ihrer Grenzgebiete. 3. Folge. A Series of Modem Surveys in Mathematics [Results in 
Mathematics and Related Areas. 3rd Series. A Series of Modem Surveys in Mathematics]. 
Springer- Verlag, Berlin, 1996. 

[8] M. Kontsevich and Y. Manin. Gromov-Witten classes, quantum cohomology, and enu- 
merative geometry. Comm. Math. Phys., 164(3) :525-562, 1994. 

[9] S. Kwon. Real aspects of the moduli space of stable maps of genus zero curves. Preprint 
math.AG/0305128, 2003. 

[10] J. W. Milnor and J. D. Stasheff. Characteristic classes. Princeton University Press, 
Princeton, N. J., 1974. Annals of Mathematics Studies, No. 76. 

[11] C. Okonek, M. Schneider, and H. Spindler. Vector bundles on complex projective spaces, 
volume 3 of Progress in Mathematics. Birkhauser Boston, Mass., 1980. 

[12] Y. Ruan and G. Tian. A mathematical theory of quantum cohomology. J. Differential 
Geom., 42(2):259-367, 1995. 

[13] F. Sottile. Enumerative real algebraic geometry. Algorithmic and Quantitative Aspects of 
Real Algbraic Geometry, S. Basu and L. Gonzalez- Vega, eds., DIMACS series 60, AMS, 
2003. To appear. 

[14] J.-Y. Welschinger. Invariants of real rational symplectic 4-manifolds and lower bounds in 
real enumerative geometry. C. R. Acad. Sci. Paris Sir. I Math., 336(4) :341-344, 2003. 

[15] J.-Y. Welschinger. Invariants of real symplectic 4-manifolds and lower bounds in real 
enumerative geometry. Prepublication de I'Ecole Normale Superieure de Lyon, 312, 2003. 

[16] E. Witten. Two-dimensional gravity and intersection theory on moduli space. In Surveys 
in differential geometry (Cambridge, MA, 1990), pages 243-310. Lehigh Univ., Bethle- 
hem, PA, 1991. 



24 



Ecole Normale Superieure de Lyon 

Unite dc Mathematiques Pures et Appliquees 

UMR CNRS 5669 

46, allee d'ltalie 

69364, Lyon Cedex 07 

(FRANCE) 

e-mail : jwelschi@umpa.ens-lyon.fr 



25 



